In this article, we try to find high rank elliptic curves in the family E n,θ defined over Q by the equation y 2 = x 3 + 2snx − (r 2 − s 2 )n 2 x, where 0 < θ < π, cos(θ) = s/r is rational with 0 ≤ |s| < r and gcd(r, s) = 1. These elliptic curves are related to the θ-congruent number problem as a generalization of the classical congruent number problem. We consider two special cases θ = π/3 and θ = 2π/3. Then by searching in a certain known family of θ-congruent numbers and using Mestre-Nagao sum as a sieving tool, we find some square free integers n such that E n,θ (Q) has Mordell-Weil rank up to 7 in the first case and 6 in the second case.
Introduction
Constructing high rank elliptic curves is one of the major problems concerned the elliptic curves. Dujella [6] collected a list of known high rank elliptic curves with prescribed torsion groups. The largest known rank, found by Elkies [9] in 2006, is 28. Several authors studied this problem for elliptic curves with certain properties. For instance, we cite [6, 16] for the curves with given torsion groups, [10, 21] for the curves x 3 + y 3 = k related to the so-called taxicab problem, [7] for the curves y 2 = (ax + 1)(bx + 1)(cx + 1)(dx + 1) induced by Diophantine quadruples {a, b, c, d}, [1] for the curves y 2 = x 3 + dx, [8, 20] for the classical congruent number elliptic curves y 2 = x 3 − n 2 x. In this paper we treat with special cases of a family of elliptic curves which are closely related to the θ-congruent numbers as an extension of the classical congruent numbers. Let 0 < θ < π and cos(θ) = s/r be a rational number with 0 ≤ |s| < r and gcd(r, s) = 1. A positive integer n is called a θ-congruent number if there exists a triangle with rational sides and area equal to nα θ , where α θ = √ r 2 − s 2 . Note that for θ = π/2, a θ-congruent number is the ordinary congruent number. It is easy to see that if a positive integer n is θ-congruent, then so is nt 2 , for any positive integer t. Throughout this paper, we assume n is a square free positive integer and concentrate on finding θ-congruent number elliptic curves with high Mordell-Weil rank for two special cases θ = π/3 and 2π/3.
In Section 2, we recall some known results about θ-congruent number elliptic curves; in particular, a criterion for a square free positive integer to be θ-congruent number, a result on which our work hinges. In Section 3, we describe briefly the Mestre-Nagao sum and Birch and Swinnerton-Dyer conjecture on any elliptic curves defined on Q. In section 4, we describe our strategy for searching the high rank θ-congruent elliptic curves in two cases θ = π/3 and θ = 2π/3 and then collect the main results of our works, which includes elliptic curves E n,θ with high Mordell-Weil (algebraic) rank r g θ (n) in these cases. By an analytic methods, Yoshida [24] proved that r g π/3 (6) = 1, r g π/3 (39) = 2 and r g 2π/3 (5) = 1, r g 2π/3 (14) = 2. These integers, indeed, are the smallest ones by moderate Mordell-Weil rank. Our searching leads to finding square free integers n such that 3 ≤ r g π/3 (n) ≤ 7 and 3 ≤ r g 2π/3 (n) ≤ 6. In our computations we use the Pari/Gp software [2] , William Stein's SAGE software [27] and Cremona's MWrank program [4] , which use the method of descent via 2-isogeny for computing the Mordell-Weil rank of the elliptic curves.
θ-congruent numbers elliptic curves
The problem of determining θ-congruent numbers is related to the problem of finding a non-2-torsion points on the family of elliptic curves
called θ-congruent number elliptic curves, where r and s are as in the previous section. This family introduced and studied by Fujiwara [11] , for the first time, and some authors in various point of views. For any n and θ with 0 < θ < π, let E n,θ (Q) be the group of rational points on E n,θ . Fujiwara [12] studied the torsion groups of the curves E n,θ . Hibinio and Kan [13] , using a criterion of Birch, considering modular parameterizations, and studying Heegner points on some modular curves, constructed some families of prime π/3 and 2π/3-congruent numbers. The most important results on E n,θ was proved by Yoshida [24, 25, 26] . In [24] , he constructed new families of π/3 and 2π/3-congruent numbers using 2-descent methods, Heegner points, and Waldesporger's results on modular forms of half-integeral weight. He also conjectured that: Using ternary quadratic forms, Yoshida [24] proved a theorem analogous to the Tunnell's theorem [28] for the classical π/2-congruent number problem. He also constructed new families of π/3 and 2π/3-congruent numbers with two and three prime factors.
The curve E n,π/2 is the well known congruent number elliptic curve defined by y 2 = x 3 − n 2 x. Finding high rank curves in this family is due to Rogers [20, 21] and co-work of the present authors with Dujella [8] in which reference, there is a list of congruent number elliptic curves with r g π/2 (n) ≤ 7. In particular, it is shown that the integers n = 5, 34, 1254, 29297, 48272239, are the smallest n with r g π/2 (n) = 1, 2, 3, 4, 5, respectively. The smallest known integer n with r g π/2 (n) = 6 is n = 6611719866, however, its minimality is not proved yet. The largest known value for r g π/2 (n) is 7 with n = 797507543735, which is found by Rogers [21] . There is no other known congruent number n for which the Mordell-Weil rank of E n,π/2 is equal to 7.
It is known [15] that n is a congruent number if and only if r g θ (n) > 0 for the congruent number elliptic curve E n,π/2 . A similar result holds for θ-congruent numbers.
Theorem 1. (Fujiwara [11] ) Let n be any square free positive integer and consider the elliptic curve E n,θ as above. Then we have:
congruent number if and only if there exists a non-2-torsion point
in E n,θ (Q);
(ii) If n = 1, 2, 3, 6, then n is a θ-congruent number if and only if r g θ (n) > 0. Kan [14] proved the following result which gives a family of θ-congruent numbers. This result is an efficient tool in our work.
Lemma 2. A square free positive integer n is a θ-congruent number if and only if n is the square free part of
for some positive integers p, q with gcd(p, q) = 1.
Mestre-Nagao sum and analytic rank
We recall the Mestre-Nagao sum [17, 18, 19] for elliptic curves. Let E be an elliptic curve over Q and p be any prime. There is both theoretical and experimental evidence to suggest that elliptic curves of high ranks have the property that N p , the number of elements in E(F p ), is large for finitely many primes p. Let N be a positive integer and let P N be the set of all primes less than N . Mestre-Nagao sum is defined by
which can be computed for any elliptic curve. It is experimentally known [18, 19] to expect that high rank curves have large values S(N, E). We cite [3] for a heuristic argument which links this concept to the famous Birch and SwinnertonDyer conjecture which is simply stated as follows. [5] to compute the analytic rank of elliptic curves. In SAGE software [27] , there are three functions to compute the analytic rank of elliptic curves with small coefficients. We shall use the following function of SAGE in our computations:
lcalc.analytic_rank(E)
Our searching strategy and the main results
Now we attempt to find high rank elliptic curves E n,θ when θ = π/3 and 2π/3. We divide our attempting into two steps depending on the range of the square free positive integers n.
Step (I) n ≤ 5 × 10 6 . First of all, using the s-option of MWrank program, we compute s θ (n), the Selmer rank of E n,θ for all 3039633 square free positive integers in this range. It is easily checked that r g θ (n) ≤ s θ (n). For more details on Selmer groups of elliptic curves and their ranks we cite [23] . Table  1 distributes these square free integers through the various values of s θ (n) in two cases θ = π/3 and 2π/3. Using MWrank and considering the Birch and Swinnerton-Dyer conjecture, we find the smallest n's with r Table 1 : Distribution of square free integers less than 5 × 10 6 through the various values of s θ (n) in two cases θ = π/3 and 2π/3
Step (II) n > 5 × 10 6 . In this step, we search for n's with r g π/3 (n) ≥ 6 and r g 2π/3 (n) ≥ 5. We consider all different square free θ-congruent numbers n of the form (1) in Lemma 2, where positive integers p and q satisfy in the following conditions:
where w(n) is the number of odd prime factors of n. Then we get a list of different n's with more than 7 × 10 6 elements for each of the cases θ = π/3 and θ = 2π/3. Applying to Mestre-Nagao sum and using the s-option of MWrank, we reduce the length of this list. In fact, we choose n's for which
where s π/3 (n) > 5, and s 2π/3 (n) > 4. These computations are done by the Pari/Gp software [2] . After computing the value of r g θ (n) by MWrank for these candidates, we can find n's with r g θ (n) = 6, 7 for θ = π/3 and n's with r g θ (n) = 5, 6 for θ = 2π/3.
In the following subsections, we collect all n's with 3 ≤ r g π/3 (n) ≤ 7 and 3 ≤ r g 2π/3 (n) ≤ 6. In each case, using MWrank, we find a minimal generating set for the Mordell-Weil groups. To improve the generators, we used the LLLalgorithm to find those generators with smaller heights.
The case θ = π/3
Rank 3: The integers 407 and 646 are the two smallest integers among 116158 integers n less than 5 × 10 6 with s π/3 (n) = 3. We have r Rank 5: An easy computation shows that 221746 is the smallest among 52 integers n with s π/3 (n) = 5. By MWrank, one can see that r Rank 6: By part (II) of our searching technique, we can get finitely many n with s π/3 (n) = 6 and n > 5 × 10
6 . Using MWrank, we can find nine n's with r g π/3 (n) = 6 the smallest of which is n = 11229594411 and the related curve is of the form Note that there are also some n's (even smaller than 11229594411) with s π/3 (n) = 6, however, MWrank cannot give the exact values of r Also we can find three integers n = 2185135410173, 27441232583014 and 1892439367910454 with s π/3 (n) = 7 while, using MWrank gives only the bound 1 ≤ r g π/3 (n) ≤ 7 for all of them.
The case θ = 2π/3
Rank 3: There is no any positive square free integer less than n = 221 for which r g 2π/3 (n) = r a π/3 (n) = s 2π/3 (n) = 3. So, we get the curve Rank 4: The smallest n with r g 2π/3 (n) = r a π/3 (n) = s 2π/3 (n) = 4 is 12710. There are only two integers, n = 4718 and 6398, less than 12710 with s 2π/3 (n) = 4, but for these integers we have r Rank 5: By part (II), we get finitely many n's with r g 2π/3 (n) = 5 and n > 5 × 10 6 , the smallest of which is n = 16470069. The corresponding curve
has the generators: Note that there are finitely many n's less than 16470069 with s 2π/3 (n) = 5, but MWrank can not calculate the exact values of r g 2π/3 (n). Rank 6: We found 29 positive integers n with r g 2π/3 (n) = 6 such that n = 4562490669 is the smallest of them, which gives the curve Note that we can find two n's with s θ (n) = 7, but by MWrank one can see that 1 ≤ r g 2π/3 (n) ≤ 7. These integers are n = 162552566 and 45010115083565. Also, for n = 2118002187593054, we have s θ (n) = 8 but MWrank gives only the bound 1 ≤ r g 2π/3 (n) ≤ 8.
